Suboptimal Control of Nonlinear Systems:

Il. Constrained

A.P.J. Weber and L. Lapidus

Princeton University, Princeton, N. J.

The previous development in suboptimal control of nonlinear unconstrained systems is extended
to constrained systems by the use of penalty functions in an augmented sense. This converts
the constrained control problem into an unconstrained one with all of the advantages previ-

ously discussed. Numerical examples are presented.

In this second part we shall extend the development on
suboptimal control of nonlinear unconstrained systems (17)
to constrained systems by redefining the optimal L-Q
(linear-quadratic) control problem to include constraints.
By using penalty functions this converts a constrained con-
trol problem into an unconstrained one. The direct exten-
sion to suboptimal control of nonlinear systems with con-
straints then follows. To show the validity of the proposed
penalty-function algorithm, numerical details will be pre-
sented for constrained linear and nonlinear problems.

The many techniques suggested for obtaining optimal
control in the presence of inequality and equality con-
straints are discussed in the literature (I, 9, 14). The
penalty function approach is analyzed in depth by Kelley
(7), Lele and Jacobson (10), Okamura (II), Rothen-
berger (12), and Russell (13). In particular, Denn and
Aris (4) and Chyung (2) applied this approach to dis-
crete-time systems. It should be mentioned that Chyung,
by means of the discrete maximum principle, treated the
constrained L-Q problem in which penalty functions were
used only for inequality state constraints. On the other
hand, Fujisawa and Yasuda (5), without recourse to pen-
alty functions, employed quadratic programming to solve
an L-Q problem with a generalized quadratic performance
index and inequality control constraints. Johnson and
Wonham (6), Wonham and Johnson (I8), Sirisena (15),
and Deley (3) also considered the constrained L-Q prob-
lem, but their methods of solution did not proceed via
the penalty function approach and, except in Deley’s work,
were restricted to a scalar control. We show that, by adapt-
ing the previous work on continuous-time penalty functions
to the discrete-time case, the solution of the L-Q problem
can be extended in a simple and computationally feasible
fashion.

THE L-Q PROBLEM WITH CONSTRAINTS
Under discussion here is the discrete-time system

Xk +1 = PrXx + Bpuy (k=0,1,...,N—1) (1)

with xo = x(0) supplied, N fixed and the performance in-
dex
N

I[x,N] =~ 2 [xTeQuxk + uT—Re_que—1]  (2)

k=1

to be minimized. First, we consider the case of general
inequality constraints of the form

(i=1,...,m)

(k=1,...,N) (3)

Zix (X, Ue—y) =0

where g is the it component of the m-dimensional con-
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straint vector gx. For simplicity, we take m to be a fixed
integer for all k. Defined to have the same functional form
as the vectors g is the m dimensional vector go(xo, u—1),
which does not serve as an actual constraint but which will
be used later.

In go, we arbitrarily set the dummy fictitious control
u_; = 0. Now we introduce a penalty function vector ¢
with components

c >0
L0 I

but with no ¢, corresponding to go. Corresponding to c is
a penalty-wei‘%hting coeficient vector gk with components
Li- The product of €T cx is termed the penalty and is
zero only when all the constraints g are obeyed.

Calling the normal performance index I the unaug-
mented index, we now form a new index T, called the aug-
mented index, by attaching the sum penalties to I. Thus

gk >0

b (4)

N
I=I++ zngck (5)
k=1

and we proceed to minimize T as if no constraints existed.
This minimization is carried out via a series of minimiza-
tions in which the ¥ are increased resulting, at the same
time in decreasing the components of ck. In the limit it is
possible to show that as the & are increased the two in-
dices T and I will approach limiting values. At the same
time the constraints will become progressively closer to
being satisfied. In fact, as the vectors &k approach infinity,
the constraints gx = 0 will be satisfied to whatever error
is desired, and both T and I will approach the optimal per-
formance index.

Paralleling the case of trajectory inequality constraints
is the case of trajectory equality constraints with the form

" y =0 (k=1,...,9) -
i (Xpe, Up—y) =
.k(k’ k—1 (k=1,...,N)
The constraint vector hy of dimension q retains the same
functional form at all time steps. Just as with g, the g di-
mensional vector ho(xg, u_;), to be used later, has the
same functional form as the other vectors hy, but does not
serve as a constraint. For the penalty function vector, we
now have by, with components
>
hix <0

>0
bi.k{:__o if hig = 0

but with no by corresponding to ho. Corresponding to each
component by are the components p;x, of the penalty-
weighting coefficient vectors px. The augmented index re-

(7)
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sulting from equality constraints is
N

k=1

and when inequality and equality constraints are consid-
ered together

N
T=]++ 2 (BkTer + rThy) (9)

k=1

To be more specific about the form of the penalty func-
tion, we first express the penalty function vectors in terms
of the inequality constraints as

Coke = 8% (X, W —1)Sik(Gik) (10)

where s, is the Heaviside-unit step function vector at time
step k, that is
1 >0
(N = 11
ORI (1)
We now set up vectors 7 of additional state variables
which will be equated to go and the constraint vectors g.
Thus
ik = Gik(Xp ue—1) (k=0,...,N) (12)
or
N = gk(xk, We—q)

o is the initial %, vector corresponding to go. This vector
7o does not appear in the performance index, it serves
only as an initlal condition from which the remaining s
vectors are generated by means of recurrence relations
about to be developed. From Equation (12),
N1 = A + Ger1(XKe+1 We) — Zio(Xpe, Uie—y)

By means of the system Equation (1), xx+1 can be re-
placed to yield,
Ne+1 = Nk + Bre+1(PrXe + Bguy, uy)
(k=0,...,N—-1) (13)
Note in (13) that %k, is expressed entirely in terms

of quantities evaluated at time kr and earlier.
If gix in Equation (10) is replaced with 5, then

cix = n4xsik(mik) (k=1,...,N) (14)

Define an m't order diagonal matrix Dy such that its diag-
onal elements are given in terms of &x and sx as follows

Diiy = Exsin (Gix) = EikSik(nix) (18)

It is now possible to obtain the augmented performance
index from relation (5). Into this equation is first substi-
tuted ¢, from equality Equation (14). Then we have

N m ]
T=I+~ 2 [ 2 Zi,kci,kJ

k=1

{ 2 Ci,kﬂzi,ksi.k("li.k)}

Equation (15) may be employed to insert the matrix Dy
into the above equation. When this is done, we obtain

- gk(xk, Uy —y)

I=1++ 2

N
k=1

N
7=I+12 1T Dic 0. (16)
k=1
If I is a quadratic index such as is treated in this work,

then the augmented index 7 is also quadratic.
When it comes to trajectory equality constraints ki (X,
ux—;) = 0, there need be little modification of the form of
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the above equations, except that the Heaviside step func-
tion is not used. Instead of Equation (10), we have
bix = R%5(xk, ug—1) (17)

for the penalty functions. Vectors B3; of extra discretized
state variables which are equated to hy and the N con-
straint vectors hy, are described by

Bik = Py (xk, Ux—1) (18)
or

Br = he(xy, Ug—y)
3o = hg is included as an initial B vector. The vector
80 does not appear in the performance index, but is em-
ployed as an initial condition from which the other B
vectors are calculated.

Just as in Equation (18), recurrence relations among
the By vectors are

Br+1 = Bic + hrt1 (P + Bpuy, ug)
— hy(xe, ue—y)  (19)
When Equation (18) is used in (17), we come up with
bix = Bk (20)
Introduced at this point is a ¢*t order diagonal matrix
Ly, which is the analogue of matrix Dy. Instead of the
elements Dy of Equation (15), we supply the diagonal
elements of Ly
Lik = pik (21)
where the p;x. are the penalty-weighting coefficients. Then

q
orTb, = 2 P8k = B il

i=1

and the augmented index is
_ N N
I=I1++~ 2 OTb =1+ 1 2 BeTLeBx  (22)
k=1 k=1

If one is dealing with inequality and equality constraints,
then

N
I=1++ 2 (0eT Dy e + BT Ly Bi) (28)
k=1
THE AUGMENTED SYSTEM

We wish to show how the original constrained system
is imbedded into an equivalent unconstrained system
which is of larger dimension and is called the augmented
system. Optimal control will be obtained for the original
or unaugmented system by solving the augmented control
problem in conjunction with the penalty function tech-
nique.

To start, the inequality constraints

(k=0,1,...,N—1) (24)

are considered. In the form of Equation (3), these con-
straints are really

gk(xk; Ug—y) = {

u‘éukém*”

Ye=Ug—g —at =0
zp = — (U —a”) =0
(k=1,...,N) (25)

where the new vectors yx and z are defined by this equa-
tion. yo and z, are also defined by their relation to go(xo,
u— 1) .

Yo=u_; —at

go(xo, u_;) = { (28)

Zo= —(u_y —a”)
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Yo, Zo, and the constraint vectors yx and zy are of the same

dimension r as the control vectors. Thus m, the dimension-

of gy, is 2r.
Equation (12) for the additional state variables becomes
—ue_y — at
nk:gk:{y'c et * - (kzq,’N)
ze = —(Uk—1 — *7)

(27)
so all yx and z; vectors are additional state variables. But
fork =0andu-; =0,

+

”lo=go={yo=——a (28)

Zo = &~

which supplies the initial conditions on the extra state vari-
ables.

For the difference Equations (13), the following is ob-
tained

N +1 ={ Ye+s } = N+ Ze+1 — Bk

(k=0,.. ,N—-1)
{}'k+“k_°-+"(uk—1_°~+)

zp — (W — &”) + (ug—y — ™)
or

Yre+1 = Yi + Ug — Ug—1

Zk+1 = Zg "(“k - uk—-l)

(29)

In Equation (16) for the augmented cost appears the di-
agonal matrix Dy of order m = 2r which contains the
penalty-weighting coefficients {;x. By Equation (15), the
diagonal elements of Dy are

Dix = Gixsic(me) (E=1,...,m=2r)

Consider the diagonal matrices Ex and Hy of order r. Let
their diagonal elements be

Eiix = GixSix(Yix)
Hir = Lrvixesie (Zik)

} G=1,...,r) (30)

Note that the penalty-weighting coefficient vector & is
of dimension 2r and that its last 7 components are associ-
ated with zx. Then

Ek orXr]
k=1,...,N 31
[Om o ( ) (31)

We made use of the relationship n, = y
K

..., N in the arguments of the Heaviside step functions
si,x for Equation (30).

If 0 of Equation (27), Dy of Equation (31), and
I[xe, N] of Equation (2) are substituted into T[xo, N] of
Equation (16), then

o }fork: 1,

N
I{xo, N] == 2 [xTeQuxx + uTy Ry —yui 1]
x

=1
N
E; Orxr] [}’k]
T, T 32
+Tk2=1(yk zk) [orerk Zy ( )

imbedding the Constrained System

The concept of imbedding a smaller system into a larger
one is not new; it was used by Koepcke (8) to handle a
system with a time delay in the control vector. For our in-
equality constrained control problem, the larger or aug-
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mented system equation is

Xk +1 Pr Onxr Onxy Onxy Xi Ay | ug
Yk +1 0:xn I Opxr =L | |y I,
Zi+1 = oan orXr Ir Ir Zi + ~1p
Uy orxn 0rxr Orxy Orxr Uy I,-
(k = 0) C) N - l)
or
Wi +1 = Y Wi + SRy U (83)

Vector wy, and matrices ¥y and &2;, are defined by the first
part of Equation (33). The dimensions of the augmented
quantities, and the unaugmented quantities to which they
correspond, are listed in Table 1. (Also listed are aug-
mented quantities to be introduced later.) Equation (33)
incorporates the system Equation (1) apd the Equations
(29) for the extra state variables. In addition, ux is en-
tered into wi+; so that it may be used in the calculations
on the next step. Note that constant ¢, and Ay matrices
imply constant ¥ and SRy arrays, respectively.

An initial condition wo for Equation (33) is supplied
from Equation (28)

Xo %o
= |Ye = |~*
A o (34)
u—i 0

In order to write the augmented performance index in
terms of the augmented state wy, a new matrix Iy is in-
troduced of size (n + 3r) X (n + 3r).

Qk Onxzr Oan
Ek OrXr
I = 027xn[ }027)(1’ (k= 1, ,N) (35)
OrXr Hk
Oan Orxz'r O'rXr

Then Equation (32) for the augmented index becomes
N
T[wo, N] =7 2 [wTie Tewie + uTj 1 Rig—yui 4]
k=1

(36)

Equations (33) and (36) define an unconstrained L-Q
problem. The I matrices, which correspond to the arrays
Q, are positive semidefinite because the elements of the
diagonal arrays Ex and Hy are either positive or zero by
Equation (30). Thus, the arrays of the augmented per-
formance index, Equation {36), satisfy the same minimum
requirements as do the matrices of the unaugmented index
of equality Equation (2)}. It should be pointed out that
the Ty matrix cannot be positive definite, because this
array is singular although symmetric.

Feedback Control

No attempt will be made here to show that the aug-
mented problem satisfies the conditions on uniqueness of
optimal control or on controllability designed for the cor-
responding unconstrained unaugmented system. Calcula-
tion of the discrete-time feedback control law from the
augmented system proceeds in the same manner as with
an unconstrained system of a L.-Q problem. It is necessary
only to express optimal control equations in terms of the
augmented system quantities listed in Table 1.

The feedback control relation for the unconstrained
original system is

up = — kak

(k=0,...,N—1) (37)
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TABLE 1, CORRESPONDENCE BETWEEN AUGMENTED AND
UNAUGMENTED QUANTITIES

Dimen-

Quantity Dimensions® Quantity sions®
w {(n4+3r) x1 x nx1l

Y (n+3r) X (n+4 3r) % nxn
L) (n43r) xr A nXr

r (n+ 3r) X (n 4 3r) Q nxn

] (n 4 3r) X (n+ 3r) P nxn

9 r X (n 4 3r) K rxn

T [woe, N] 1x1 I [x,, N} 1x1

* Dimensions are for systems with inequality control constraints.

For the augmented system, the control becomes
(k=0,.. ,N—-1) (38)

w = — Owy

Boundary condition
P N = 0
becomes
nN = 0 (39)

and the feedback arrays of the augmented system will be
Oy = [SBTpe—y (W + 7o) SBic—1
+ Re1] 71 STy (e + i) Yie—1 (40)
(k=1,...,N)
-1 = (Y1 — SBe—10-1) T (w0 + W) b1 (41)

corresponding to Ki—; and Pi.y, respectively.

Although u; is calculated from wy by Equation (38),
Wi +1 is not produced from wi by Equation (33). xx+q is
obtained from x; by integration of the unaugmented or
original system equation with the value of u; provided.
Also, yx+y and 2z, are determined from the following
modified form of Equation (27)

Ye+r =up— ot

Zpyy = — (wye— ™)

(k=0,...,N—1)

By analogy to the Py, the corresponding matrices 7t are
positive semidefinite and symmetric.

Let us now examine the formation of the matrices T.
To begin, the unconstrained problem is worked out to see
where the control violates the constraints. This serves to
start the iterative integration procedure. On each pass,
vectors y. and 2 are determined by Equation (27). For
the next pass, the elements of the diagonal arrays Ei and
Hj;, in Ty are evaluated by means of Equation (30). What
is required in this calculation of the elements are the
Heaviside step function vectors sx(yz) and si(zx) and
the penalty-weighting coefficients i x.

Determination of the step functions is straightforward.
However, there is a special way the weighting coefficients
ik are produced in the numerical examples of linear sys-
tems with constrained controls to appear later. In these
examples, for one pass through the feedback matrix and
system equations, all the coeflicients {;x are set equal to a
constant penalty-weighting coefficient {. Initially, { is made
some small value. After that, at the beginning of each pass
or iteration, { is increased or left unchanged. Usually { is
always increased with each new pass, rather than some-
times being left the same for two or more consecutive
passes. Increasing { stops when the control satisfies the
constraints to within a given tolerance. In this work, meet-
ing the inequality control constraints given by Equation
(24) to within a tolerance p means that
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(i=1,...,1)
(k=0,...,N=-1)
(42)

When this condition is met, it is said that convergence to
the control constraints is attained.

~pta” ==t +p

PENALTY FUNCTION METHODS

Intuitively, the penalty function approach seems rea-
sonable for the L-Q system. Reference to the augmented
performance index of Equation (32) reveals the appear-
ance of terms such as xTQex; and y.TEyx. Suppose
Qx is diagonal with elements Qix = A;. E; is diagonal, and
by Equation (30), Esx = Gk Si,k(yi,k) where Y = Ug—y
— a*, It has been shown that, as A; is made larger, the
corresponding value of [%;x| is diminished. So even apart
from penalty function theory, for a given index 4, if y;x =
k-1 — ;" > 0, so that 8;x(yik) = 1, it follows that as
Lix is made large, then [yi,kg becomes small. But this means
that u; ;5 is made to be close in value to «;*, or what is
the same thing, u;x comes closer to satisfying the constraint
Uik—1 = oyt

For inequality constraints, either the afore-mentioned
technique or an alternate method of adjusting the penalty-
weighting coefficients {;x can be used. The alternate
method involves adjusting (i separately for each com-
ponent of the constraint vector at each time step. To
demonstrate this technique, we will examine the behavior
of yix = thix—y — ot and its influence on ¢ x for one
value of i and of k. The object is to make #ix—1 = o;* or,
what is the same thing, to make y; = 0.

In Equation (30) we have Eux = {ix and, to start,
Gk = 0. If on the first pass ui,—1 exceeds a;t, {ix is in-
creased for the next pass. On every pass {;x will be gradu-
ally increased to an upper limit if, for all passes, y; i does
not become negative. When y;x does become negative, i
is reduced with zero as a lower bound.

In other words, {; is increased or decreased gradually
in steps between zero and a maximum depending on the
number of passes for which y;x is positive or negative. A
switch of y;x from negative to positive’ will start {ix in-
creasing and conversely. If y,x does not change sign but
merely becomes zero, this situation is treated as if yix
were still positive or negative, as the case may be. When
Yix is always zero from the start of the iterative procedure,
(i is always zero. A possible criterion for terminating such
a penalty function procedure is to stop when all {;; are
either zero or maximal and the constraints are met to
within a given tolerance.

FURTHER POINTS

Other interesting developments in the current method
of solving the L-Q problem with constraints (16) can be
mentioned only briefly. The point is that for a unique and
optimal control in the unconstrained problem to be guaran-
teed, it is necessary that the array AT, -1 (Qx + Py) Bp
+ Ri-: be positive definite at all time steps k. In the
constrained case, the equivalent statement holds for the
array SR (X% + 7o) KBy + Rye—y.

Secondly, our development has been restricted to the
inequality control constraints of Equation (24) rather
than the general constraints of Equation (3) or (6). The
inclusion of different constraints applied either singly or
together at all time steps or even at intermittent time steps
can be easily developed. Finally, it is possible to include
terminal equality state constraints in the formulations.
When this general type of constraints is included, it may
be necessary to linearize (apparent) the extra state vari-
ables . Even in the linear system case this will mean that
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an iterative procedure may be required for the updating
of the linearized coefficients.

Suboptimal Control

To solve the nonlinear problem in a suboptimal fashion,
we will combine the material of Part I (17) and the
theory of the present paper.

Starting with a nonlinear state equation

x(t) = f(x(t),u(e),t) (43)

and a given initial condition xo, we transform this via ap-
parent linearization to

X(t) = A(x(t), u(z), t)x(¢) + B(x(¢),u(t), t)u(t)
(44)

A

Then by using some control policy u (¢) and a resulting
A

state x (¢), the arrays A and B are evaluated as functions

of time according to

Al) =A(%W1); B() =B(xui  (45)

Now Equation (44) may be discretized to form
Xp+1 = PrXk + Bl (48)
where ¢, and Ax can be considered functions of the tra-

jectories G (t) and /7: (t). Equation (46), combined with
the performance index of (2) and the constraints of (24),
makes up the actual constrained L-Q problem.

To begin, a noniterative suboptimal control method (17)

is used to evaluate a(t) and 1/;\ (t) for the unconstrained
nonlinear system; the ¢ and Ay matrices are then calcu-
lated and frozen at their present values. Next, the aug-
mented system is constructed, and for {ix = { = 0 (a
penalty of zero) the corresponding L-Q problem is solved.
This may be considered as the first pass of the penalty
function procedure. We should recall that @ and A&y are
the only portions of the augmented arrays ¢, and S,
respectively, which are variable, that is

Yo = () SBi = SBi(Ay) (47)

After the first pass or iteration of the penalty function
method, the remaining integrations are carried out with
positive values of the coefficient {. For illustration, in the
nonlinear numerical example to be discussed shortly, the
sequence was { = 0, { = 10, { = 10%, and { = 108 for
four passes through the penalty function procedure. Con-
vergence to the control constraints was achieved with p
in Equation (42) set to a small number, 10-7.

The augmented system is employed only to produce the
discrete-time control vectors ux. The control policy is the
same for both the augmented state Equation (83) and
the original state equation of the constrained system.
Given a control vector uy, and the last state x, an integra-
tion over one time step provides the next state xx+1. Then
xx+1 is used to form the new augmented state Wy
Further, the use of the nonlinear equation in the state
vector integration applies every time a state trajectory is
produced. Such a procedure is not limited to the time
when the control constraints are being met. It is also em-
ployed during the re-evaluation of the matrices ¢« and
Ay about to be discussed.

Now let /l;(t) be that control policy which satisfies
Equation (42) and let ;:\(t) be the corresponding state

trajectory. fl(t) and Q (t) then are the last trajectories
produced by the penalty function method. As soon as
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the control constraints are met, the arrays ¢, and Ay and,
therefore, the matrices g and Sy are updated or recal-

A A
culated from u (¢) and x (¢). At the same time, the arrays
I, are frozen at the values they had during the last inte-
gration or iteration of the penalty function procedure.
These matrices Xy are the ones which contain the penalty-
weighting coefficients. Holding them constant, then, is
equivalent to making the assumption, even if it is incor-
rect, that while the matrices ¢ and &, (or g and A;)
are being adjusted, the controls retain their same tendency
to penetrate the constraints.

With the augmented cost matrices frozen, and arrays
¢ and B¢ newly evaluated, the control policy is recal-
culated from the augmented system and a new set of states
is produced. Matrices % and SBy are again updated.
Whether some of the constraints start being penetrated is
of no concern. What matters is that the ¢, and €2 arrays,
and therefore the ¢, and A arrays, continue to be up-

A A
dated until, for x, and u denoting vectors of the previous
iteration,

[%; e ’“Qi,k’ =10-7 (i=1,..,nand k=1,..,N)
(48)

A
Jig — k] =10"7 (i=1,..,7r and k=0,..,N —1)

This procedure is none other than the iterative method
(ITER) of suboptimal control discussed in Part I (17).
However, it is the augmented system which is being used
to yield the control vectors,

Convergence given by Equation (48) is described as
convergence to the trajectories, those for the state and con-
trols. Such convergence can also be viewed in terms of
the coefficient matrices ¥, and $2x or ¢ and A, which
are evaluated as functions of the state and control trajec-
tories, In turn, these matrices are employed in the calcula-
tion of a new set of trajectories. When the previous set of
trajectories is sufficiently close to the new set, or when the
old coefficient matrices differ little from the newly gen-
erated ones, convergence has occurred.

In the case of the nonlinear absorber problem, once
this convergence was attained, it was found that the con-
straints were still obeyed to within the tolerance of 10~7.
There can be problems for which satisfying Equation
(48) means that relation (42) for the control constraints
is no longer obeyed. Whenever this is the case, the follow-
ing is done: Let x°(t) and u®(¢) be the final trajectories
which satisfy Equation (48). Then the coefficient matrices
Y and B (or ¢ and M) are reevaluated with x®(¢)
and u®(t). Furthermore these arrays are frozen at these
values during the process of again satisfying the control
constraints. Where a new set of penalties has to be ap-
plied, the constant penalty-weighting coeflicient ¢ is
brought back down to a low value such as 10. Application
of the rest of the procedure for meeting the constraints
proceeds as before.

In addition, if the conditions of Equation (48) are not
satisfied after the control constraints are again met, the
suboptimal operation is called upon. One can continue
alternating the penalty function technique with that for
suboptimal control until both Equation (42) and relation
(48) are obeyed. Then the nonlinear constrained control
problem will be completely solved for the suboptimal con-
trol. It should be emphasized that the entire manner of
handling the nonlinear problem is suboptimal because the
method of treating the nonlinearity is not optimal. Also
note that it is assumed that convergence to the trajectories
indicated by Equation (48) is possible. This convergence
was attained for the nonlinear absorber example.
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TABLE 2, SLIGHTLY AND MOST CONSTRAINED OPTIMAL
CoNTROL OF LINEAR ABSORBER®

(Indices I and T as a function of iteration number)

Penalty-

Iter-  weight-

ation  ing Slightly constrained Most constrained

num-  coeffi- control control

ber cient¢ I T I T
1 0 0.04654 0.04654 0.04654 0.04654
2 10 0.04697 0.04698 0.05512 0.05527
3 104 0.04699 0.04699 0.05611 0.05611
4 108 0.04699 0.04699 0.05612 0.05612

* Computing time of about 3 min.

Numerical Test Systems and Results

In order to test out the theoretical concepts, three differ-
ent systems were analyzed computationally. The first sys-
tem is a linear version of the nonlinear absorber presented
in Part I (17). All the equations are in the literature (9)
and we merely mention that Equation (1) is obtained di-
rectly with ¢, = ¢ and A; = A as constants.

The second test problem is also a linear one and repre-
sents the behavior of an artificial earth satellite as detailed
by Deley (3). In final form the equations are given by

Xk +1 = 9Xx + Ay (49)
with
_ [ 0.54030 0.84147 ] _ [ 0.45970 ]
“ L —0.84147 054030 1’ — L 0.84147
(50)
The initial state and the constraints are
-5
xo = x(0) = [ 3 ] (51)
and
—l =y =uy=1 (52)

In this problem the control is scalar and physically repre-
sents the operation of stabilization gas jets.

The third test system is the nonlinear absorber system
(17) covered in Part 1.

THE CONSTRAINED LINEAR ABSORBER

For this completely linear system, we use t; = 25, = 1
and thus N = 25. In the quadratic performance index of
Equation (2), we select Q = Iand R = 0. Two cases of
inequality constrained control are considered for the com-
putations. These are

3 —_ | ’ | = U= I ) I = X 58
and

- [ 0.0 ]4u4[0.1 ]_ R
= L —o0es) %= Lozl =" 9

Equations (53) and (54) are referred to as the slightly
constrained and the most constrained cases, reéspectively.
For each of the two constrained cases, four repetitive
integrations were employed. The first was carried out with
the constant scalar penalty-weighting coefficient { set
equal to zero (the unconstrained L-Q problem is solved).
For the second, ¢ is increased to 10; for the third, { is 104,
and finally { is raised to 10® on the fourth integration. On
the fourth pass the constraints are considered satisfied, for
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then

=19
—107"4 T =y =t + 1077 (1=1,2)

(k=0,..,N—1)
(55)

where a* and &~ for each example comes from Equations
(53) and (54). That is, the constraints are met or con-
vergence to the control constraints is attained to within
a tolerance of 107,

Table 2 shows the behavior of the unaugmented per-
formance index I and the augmented performance index 1
as a function of iteration number for the two constrained
cases and also for the unconstrained case listed as iteration
1. Note that, starting with the second iteration at which

the difference I — 1 is first nonzero, this difference ap-
proaches zero as { is increased. Also, as { increases, the

performance indices I and T approach an upper limit. This
behavior of the indices was anticipated. Because the penal-
ties for constraint violations are positive, the augmented

cost 1 is larger than the unaugmented cost I when the two
costs differ. The difference between the augmented and
unaugmented index at the last iteration is actually zero to
eight decimal places for the most constrained case. As ex-
pected, the (unaugmented) performance index increases
as tighter constraints on the control are applied. Further-
more, the slightly constrained control policy yields a per-
formance index only slightly larger than that for the un-
constrained system.

Figures 1 and 2 show selected results for the uncon-
strained and two constrained control computational runs.
To avoid cluttering Figure 1, we do not plot the slightly
constrained control components. The control vector com-
ponent u; (and %) is non-negative. Also, the uncon-
strained control is initially large and then diminishes to
near zero rapidly with time. Constraining the control for
the linear absorber system really means applying upper
bounds on the control. Application of constraints to the
control results in more control being employed after the
given control component is no longer as large as the upper
limit. That is, once a control component leaves its upper
bound, it is never less than the corresponding uncon-
strained control component at any given time step. In ad-
dition, all control components are monotone nonincreasing.

In Figure 2, on the other hand, the trajectories of xg are
not monotone. These trajectories possess an internal maxi-
mum which decreases as the control becomes more con-
strained. There is less control available initially to cause
the x4 trajectories to overshoot the time axis when the
control is more constrained. However, the x¢ trajectories
of the most constrained optimal control example end up
above the corresponding curves for the slightly constrained
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Fig. 1. Optimal control u1 vs. time for the linear absorber.
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Fig. 2. xg vs. time for the linear absorber.

and unconstrained control cases.

This example shows that optimal control of a L-Q prob-
lem with constraints can be obtained via the penalty
function method. The constraints can be met as exactly as
desired, the dimensions of the state and control are not
important, and feedback control is achieved. Moreover,
the procedure appears to be computationally fast.

CONSTRAINED ARTIFICIAL EARTH SATELLITE

In the truly constrained problem, as specified by Equa-
tions (49) to (52), the final time # (and thus N) is not
fixed; in fact, Deley specified an infinite final time. How-
ever, for the present computations a value of #; = 15 was
used; this is large enough to be considered infinite. Further,
the matrices in the quadratic performance index were

chosen to be
1 0]
= ; R=0
Q [00

to conform to Deley’s approach. As neither of these
matrices is positive definite, one cannot actually guarantee
that, given enough time, the state or control will approach
Zero.

With the penalty function approach the procedure was
as follows. For the first iteration, the unconstrained prob-
lem ({ = 0) is solved with N = 15, corresponding to
r = LO0. After the first iteration, eleven more passes are
made with { = 10%. At this value of {, it is not possible to
further minimize the performance index and still have the
constraints met to within a reasonable tolerance. For { =
104, this reasonable tolerance happens to be 10-3. The
next or thirteenth pass is made with  set at 107; this itera-
tion is the last one neeeded because, at its completion, the
constraints are met to within a tolerance of 10-8,

Listed in Table 8 as a function of iteration number are
the unaugmented index I and the augmented index T. Also
listed is the penalty-weighting coefficient { which varies
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TABLE 3. CONSTRAINED OPTIMAL CONTROL OF ARTIFICIAL
EARTH SATELLITE

(Costs I and T as a function of iteration number)

Penalty-
Iteration weighting
number coefficient ¢ I T
1 0 0 0
2 104 51.834 51,916
3 104 111.708 111.881
4 104 37.731 37.742
5 104 32.795 32.811
6 104 33.456 33.478
7 104 32.808 32.825
8 104 32.610 32.627
9 104 32.666 32.684
10 104 32.668 32.683
11 104 32.666 32.683
12 104 32.685 32.683
13 107 32.703 32.704

with iteration number. At the thirteenth pass appears the
final result, an I of 32.703. In excellent agreement is
Deley’s value of I = 32.702 (3).

The general behavior of I and T as the iterations proceed
(Table 3) is basically that expected from the theory.

There are a few anomalies, such as I and T having lower
values on ijteration No. 8 than on iteration No. 12. How-
ever, this anomaly can be explained by the amount of
violation of the constraints on iteration No. 8. The time to
execute the entire program with its thirteen passes is little
more than 20 sec.

Figure 3 shows a plot of x; versus x; for both Deley’s
method (3) and the penalty function method of finding
constrained optimal control for the artificial earth satellite
problem. This figure, with a few modifications, is Deley’s.
For time steps 1 through 10, there is a single number in
parentheses next to each point indicating the corresponding
time step. Round points indicate Deley’s results and are
connected by a smooth spiral curve. Results from the

X
-6

(n

ave
RS

—e— DELEY

0 PENALTY FUNCTION APPROACH
Fig. 3. xo vs. x; for the artificial earth satellite [adapted by per-
mission from Stanford Electronics Laboratories and G. W. Deley (3)].

Page 655



penalty function approach are shown by the squares super-
imposed upon Deley’s graph. Each center of a square indi-
cates the values of the coordinates x; and x,. As each square
contains most or all of the corresponding point of Deley,
excellent agreement is obtained.

This problem is interesting because of the different re-
gions of control which are possible. There are different
areas blocked off by Deley in Figure 3; there is one region
for which the control is © = —1 and another with ©u = +1.
These are regions of saturation in which the control con-
straints hold exactly. A band separates the saturation re-
gions from the corresponding unsaturated controls; that is,
—1 < u < 1 is obeyed. When the state lies within the
band, the optimal control is given by

ur = — Kix + di (56)

where Ky is a feedback vector. Further, within the sub-
region in the band marked “01,” dx = 0; on either side
of “01” are various subsections of the band for which
Equation (56) still holds but di + 0. Throughout each
subdivision of the band shown Ky and di are the same. At
time step 5, the state vector x = x; falls in region “06” to
the left and x; falls into region “02” to the right. For this
problem, these are the only two states which fall into re-
gions of the band where di. + 0.

Deley suggests that Equation (56) holds only when
the control is unsaturated. The present penalty function
method, however, generates this law irrespective of the
specific region. Thus, if the augmented feedback matrix
;. is partitioned as follows

A
0, = [0, 0]

rX (n+38r) rxXn rX3r

then the feedback control law, Equation (38), becomes
A

u = — Bkwk = — [Bky 6k‘u] Xk

Yk

Z

Ug—1

or

Zy
Ug—1

A
u = — Oex; — O, [ Y& J

This equation is of the exact form of (56) for the scalar
control of the present problem.

CONSTRAINED NONLINEAR ABSORBER

We shall analyze the computational features for the case
Qr = Q = Iand Ry = R = I in the performance index
and with & = 25, = 1l and N = 25,

To serve as a comparison for the constrained control
cases, unconstrained control is found for the nonlinear ab-
sorber by means of the ITER method of suboptimal con-
trol described in Part I. The control constraints will have

the forms
[ 0 ] _ [ 0.045 ]
= = =
-0.025 0.080

[ 0 ] [ 0.023 ]
o = =y = ="
-0.005 0.025

called the slightly constrained and the most constrained
cases, respectively. Application of the constraints involves
an iterative procedure. Also, as the system is nonlinear,
iterative integration is necessary to update the coefficient
matrices ¢ and A of the system equation. Therefore, two

o at (57)

I

and

!
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convergence criteria are set up. The first deals with con-
vergence to the control constraints. The second criterion,
which is associated with the coefficient updating, deals
with convergence of the state and control trajectories. In
both7 cases [Equations (42) and (48)] the tolerance is
107,

In order to initiate calculations for the ITER method of
suboptimal control in the unconstrained case, the solution
from noniterative suboptimal control of the nonlinear ab-
sorber (Part I) is provided. With the ITER method, four
iterations were taken; at their completion, Equation (48)
was obeyed by the state and control trajectories.

For the slightly constrained control problem, a non-
iterative method of suboptimal control is used on the non-
linear absorber system to begin the calculations. To this
end, the control and state trajectories from the uncon-
strained suboptimal control of the nonlinear absorber (Part
I) are used to evaluate the coefficient matrices ¢, and Ay.

With this set of ¢ and A arrays, iterative integration
for the slightly constrained control case was initiated with
convergence to the control constraints being attained in
four iterations. Then convergence to the trajectories was
attained in three more passes. At this point, the slightly
constrained control problem was completely solved with
only a total of seven iterations. Just as in the case of the
constrained linear absorber, during convergence to the
constraints, the penalty-weighting coefficient { was changed
from one iteration to another. During the first iteration, {
was zero corresponding to no penalties. For the second
iteration, { was changed to 10. On the third and fourth
passes, { was made 10* and 108, respectively. For the fifth,
sixth, and seventh iterations—namely, those associated
with convergence to the trajectories—{ was left at 108

The most constrained case was carried out in exactly
the same manner as the slightly constrained case with two
exceptions. First, to start the iterations, ¢ and Ay were
obtained from the solution to the slightly constrained prob-
lem just described. Second, and because of the starting
matrices, only two iterations were necessary to converge to
the trajectories once convergence to the constraints had
been attained in four iterations. Now only six total itera-
tions were required; for these, the previously used { were
employed.

Table 4 presents selected results from the computations

TABLE 4. SLIGHTLY AND M0osT CONSTRAINED SUBOPTIMAL
CoNTROL OF NONLINEAR ABSORBER

(Unaugmented and augmented indices as a function
of iteration number)

Penalty-
Iter-  weight-
ation ing

num- coeffi-

ber cientt I 1
1 0 0.10822969 0.10822969
2 10 0.10845426 0.10848159
Slightly 3 104 0.10851377 0.10851380
constrained 4 108 0.10851384 0.10851384
control 5 108 0.10851387 0.10851387
6 108 0.10851387 0.10851387
7 108 0.10851386 0.10851386
1 0 0.10822996 0.10822996
2 10 0.11764085 0.11925797
Most 3 10¢ 0.12121198 0.12121428
constrained 4 108 0.12121742 0.12121742
5 108 0.12121741 0.12121741
6 108 0.12121741 0.12121741

IBM 7094 computer time is not excessive, requiring an average of 4
min. for each suboptimal control case.
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in which the unaugmented and augmented indices are
shown as a function of iteration number. We use eight
decimal places to allow the changes to be more easily ob-
served. The behavior is basically what would be expected

from the theory; that is, after the first iteration T is greater
than I, but when convergence occurs the two are at the
same limiting value. Notice that the more the control is
constrained, the greater the cost. For the ITER method
of unconstrained suboptimal control, the index I is
0.10822984.

Figures 4 to 6 show some results of the computations.
Once again these data are in agreement with what one
would expect for this problem as the constraints change.
Each constrained control vector component starts out at
its upper bound and later gradually converges to the cor-
responding unconstrained control components. Also, ini-
tially, the constrained components of the state vector are
prevented from approaching zero as rapidly as the cor-
responding unconstrained components.

CONCLUSIONS

We have presented a means of finding feedback control
for multidimensional systems with quadratic indices and
general constraints, A discrete-time penalty function
method involving iterative integration was employed for
satisfying the constraints. The constrained problem is re-
duced to an unconstrained L-Q problem by imbedding the
constrained system into a larger unconstrianed one, called
the augmented system. If the system is nonlinear, apparent
linearization is used in the formation of the augmented
system, and then iterative suboptimal control is combined
with the penalty function technique.

Three numerical examples with inequality control con-
straints have been detailed. Optimal control was obtained
for the first two examples, and suboptimal control was cal-
culated for the third. For these examples, the constraints
were met to within a small tolerance. Also calculations
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Fig. 5. x1 vs, time for the nonlinear absorber.
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were performed with a minimum of computer time, so that
real-time control is possible.
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NOTATION*

vector of penalty functions, equality constraints
vector of penalty functions, inequality constraints
additive constant vector

diagonal matrix

diagonal matrix

vector

vector

diagonal matrix

augmented performance index
diagonal matrix

integer

vector Heaviside-unit step function
augmented state vector

vector

= vector

([ T T T L T

i nn

N< g IH~NEER Yo o

Greek Letters

@ = vector of inequality control constraints, &* up-
per and o~ Jower constraints

vector

augmented Q matrix

vector of penalty weighting coefficients for in-
equality constraints

vector

augmented feedback matrix

tolerance

augmented P matrix

vector of penalty weighting coefficient for equal-
ity constraints

augmented ¢ matrix

augmented A matrix

I VA VA T

B DAT oS smimw

Subscripts
i, § = vector or matrix elements
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Molecular Thermodynamics of Gases

in Mixed Solvents

J.P. O'CONNELL

University of Florida, Gainesville, Florida

The general thermodynamic relation between Henry's constant for a solute in a mixed solvent
and Henry's constants for the solute in the pure solvents is discussed in terms of limiting
activity coefficients. The inadequacy of several common excess free energy expressions is shown,
and results are presented for a form of Kirkwood-Buff solution theory based on pair distribution
functions. Several unknown integrals in the theory are approximated by an empirical function
of solvent composition and of solvent properties which generaily predicts experimental data for
gases in both simple and complex binary solvents with good accuracy. Prediction of fugacities of
gaseous components in ternary and higher solvents and in nonideal solutions is considered.

Many chemical processes involve separations of solutes
from multicomponent solvents. Distillation or stripping of
gases, crystallization of solids, or extraction of slightly
soluble substances all can involve this type of system. In
these cases it is often convenient to use Henry’s constant
in the mixed solvent as the reference fugacity for the
dilute component. This is based on experience with pure
solvents which indicates that deviation from Henry’s law
often occurs only when significant amounts of solute are
dissolved in the liquid. Although several treatments of
solutes, particularly gases, in mixed solvents have appeared
in recent years (I to 7), most have dealt with particular
equations for the excess free energy in the multicomponent
mixture which are of limited application.

In this paper the general thermodynamic relationship
for a solute in a mixed solvent is presented and the ap-
proximate equations which lead to previous results for
gases are indicated. A general solution theory, based on
the method of Kirkwood and Buff (8) but derived for
a multicomponent solvent, is then used to obtain the
mixed solvent Henry’s constant in terms of pure solvent
Henry’s constants and integrals of the pair distribution
functions of the system. Finally, since it is not possible
to evaluate some of these integrals presently, particularly
for complex mixtures, an empirical expression is developed
for gases in mixed solvents which contains only readily ac-
cessible properties of the solvents and the solvent mixture.
The results of this expression are compared with data for
several systems of a gas in a binary solvent and the ac-
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curacy is better than with other methods not involving
parameters from the multicomponent data. One multicom-
ponent parameter is often sufficient to provide extremely
good agreement for data over the entire range of solvent
composition.

REFERENCE FUGACITY FOR A SOLUTE IN
MIXED SOLVENTS

The primary aim in this work is to develop a method
of predicting the fugacity of a solute in a mixed liquid
solvent. This fugacity is equal to that in any other phase
(solid, liquid, or gas) and is used to determine the distri-
bution of the solute between the phases involved. The
liquid fugacity can be expressed as

P o

f = xm(P°)fi°(P°)expr0 Vv dP (1)

where the activity coefficient and reference state fugacity

are both given at the reference pressure, and the system
temperature.

The product vi(P°)fi®(P°) can be obtained from two

commonly used conventions. One is the symmetric con-

vention for activity coefficients where all components fol-

low
hﬂi (yi f:0) = fOL(P%) (2)

The reference fugacity is the pure component fugacity of
i as a liquid at the reference pressure. For subcritical com-
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